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a b s t r a c t
A graph is called super-Eulerian if it has a spanning closed trail. Let G be a graphwith n ≥ 4
vertices. Catlin in (1987) [3] proved that if d(x) + d(y) ≥ n for each edge xy ∈ E(G),
then G has a spanning trail except for several defined graphs. In this work we prove that
if d(x) + d(y) ≥ n − 1 − p(n) for each edge xy ∈ E(G), then G is collapsible except
for several special graphs, which strengthens the result of Catlin’s, where p(n) = 0 for
n even and p(n) = 1 for n odd. As corollaries, a characterization for graphs satisfying
d(x) + d(y) ≥ n − 1 − p(n) for each edge xy ∈ E(G) to be super-Eulerian is obtained;
by using a theorem of Harary and Nash-Williams, the works here also imply the previous
results in [2] by Brualdi and Shanny (1981), and in [6] by Clark (1984).
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
Unless stated otherwise, we follow [1] for terminology and notations, and consider finite connected graphs without
loops. For a vertex v ∈ V (G),NG(v) denotes the set of the neighbors of v in G and for A ⊆ V (G),NG(A) denotes the set
(

v∈A NG(v)) \ A.
Catlin in [4] introduced the notion of a collapsible graph. For a graph G, let O(G) denote the set of odd degree vertices of
G. A graph G is Eulerian if it has a closed trail through all edges of G. It is well known (and easily seen) that this is equivalent
to G being connected with O(G) = ∅, and G is super − Eulerian if G has a spanning Eulerian subgraph. A graph G is collapsible
if for any subset R ⊆ V (G) with |R| ≡ 0(mod 2),G has a spanning connected subgraph HR such that O(HR) = R. Note that
when R = ∅, a spanning connected subgraph H with O(H) = ∅ is a spanning Eulerian subgraph of G. Thus every collapsible
graph is super-Eulerian. Catlin [4] showed that any graph G has a unique subgraph H such that every component of H is a
maximally collapsible connected subgraph of G and every non-trivial collapsible subgraph of G is contained in a component
ofH . For a subgraphH of G, the graph G/H is obtained from G by identifying the two ends of each edge inH and then deleting
the resulting loops. The contraction G/H is called the reduction of G if H is the maximal collapsible subgraph of G, i.e. there
is no non-trivial collapsible subgraph in G/H . A vertex in G/H is called non-trivial if the vertex is obtained by contracting a
non-trivial connected collapsible subgraph. A graph G is reduced if it is the reduction of itself.
Catlin in [3] showed the following:
Theorem 1 (Catlin [3]). Let G be a connected graph on n vertices and let u, v ∈ V (G). If
d(x)+ d(y) ≥ n (1)
for each edge xy ∈ E(G), then exactly one of the following holds:
(i) G has a spanning (u, v)-trail.
(ii) d(z) = 1 for some vertex z ∉ {u, v}.
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(iii) G = K2,n−2, u = v and n is odd.
(iv) G = K2,n−2, u ≠ v, uv ∈ E(G), n is even, and d(u) = d(v) = n− 2.
(v) u = v, and u is the only vertex with degree 1 in G.
The following stronger result modifies Catlin’s theorem above:
Theorem 2. Let G be a connected graph of order n ≥ 4 and G satisfies (1) for every edge of G. Then exactly one of the following
holds:
(i) G is collapsible.
(ii) The reduction of G is K1,t−1 for t ≥ 3 such that all of the vertices of degree 1 are trivial and they have the same neighbor in
G, t ≤ n2 . Moreover, if t = 2, then G− {v} is collapsible for a vertex v in the K2.
(iii) G is K2,n−2.
By the definition of a collapsible graph, Theorem 2 implies Theorem 1.
Theorem 2 implies a previous result by using the following theorem:
Theorem 3 (Harary and Nash-Williams [7]). Let G be a graph with at least 4 vertices. The line graph L(G) is Hamiltonian if and
only if G has a closed trail that contains at least one vertex of each edge of G.
Note that every graph in {K2,n−2, K1,n−1} has a closed trail that contains at least one vertex of each edge of G. Then by
Theorem 2 we have:
Theorem 4 (Brualdi and Shanny [2]). Let G be a connected graph with n ≥ 4 vertices. If G satisfies (1) for every edge of G, then
L(G) is Hamiltonian.
Theorem 4 was improved by Clark in [6] as follows:
Theorem 5 (Clark [6]). Let G be a connected graph on n ≥ 6 vertices, and let p(n) = 0 for n even and p(n) = 1 for n odd. If
each edge of G satisfies
d(x)+ d(y) ≥ n− 1− p(n), (2)
then L(G) is Hamiltonian.
Motivated by Theorem 5, Catlin in [3] considered replacing the condition (1) in Theorem 1 by (2), and classified the two
exceptional cases that can arise. The following gives an analogous result for the collapsibility of graphs.
Theorem 6. Let G be a connected graph of order n ≥ 4 and let p(n) = 0 for n even and p(n) = 1 for n odd. If each edge of G
satisfies (2), then exactly one of the following holds:
(i) G is collapsible.
(ii) The reduction of G is K1,t−1 for t ≥ 3 such that all of the vertices of degree 1 are trivial and they have the same neighbor in
G, t ≤ n2 . Moreover, if t = 2, then G− {v} is collapsible for some vertex v in the K2.
(iii) G is in {C5,G7,G′7, K1,n−1, K2,n−2, K ′2,n−3}, where K ′2,n−3 is obtained from K2,n−3 by adding a pendant edge on one of the
vertices of degree n− 3, and G7,G′7 are the graphs shown in Fig. 1.
The following example shows that the condition (2) in Theorem 6 is sharp: Let G be a graph of order n ≥ 6, such that
G has a bridge e and G − e consisting of two complete graphs of order ⌊ n2⌋, ⌈ n2⌉ respectively. Clearly, if n is even, then
d(x)+ d(y) ≥ n− 2 for each edge of G, and if n is odd, then d(x)+ d(y) ≥ n− 3. However, the reduction G′ of G is K2 and
each vertex of G′ is non-trivial. This violates Theorem 6.
Note that every graph of {G7,G′7, K2,n−2, k′2,n−3, K1,n−1} has a closed trail that contains at least one vertex of each edge
of G. The definition of a collapsible graph and Theorems 3 and 6 implies Theorem 5. By Theorem 6 and the definition of a
collapsible graph, we also have the following, which is similar to Theorem 1.
Corollary 7. Let G be a connected graph on n vertices and let u, v ∈ V (G). If
d(x)+ d(y) ≥ n− 1− p(n) (3)
for each edge xy ∈ E(G) and p(n) defined as above, then exactly one of the following holds:
(i) G has a spanning (u, v)-trail.
(ii) G ∈ {G7,G′7, K1,n−1, K ′2,n−2} or the reduction of G is K1,t−1 for some integer t ≥ 2.
(iii) G = K2,n−2, u = v and n is odd.
(iv) G = K2,n−2, u ≠ v, uv ∈ E(G), n is even, and d(u) = d(v) = n− 2.
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Fig. 1. The graphs G7 and G′7 .
2. Proofs of main results
Before proving the main results we summarize some of the previous results concerning collapsible graphs as follows:
Theorem 8 (Catlin [4]). Let G be a connected graph. Each of the following holds.
(i) If H is a collapsible subgraph of G, then G is collapsible if and only if G/H is collapsible; G is super-Eulerian if and only if
G/H is super-Eulerian.
(ii) A graphG is reduced if and only if G contains no non-trivial collapsible subgraphs. As cycles of length less than4 are collapsible,
a reduced graph does not have a cycle of length less than 4.
(iii) If G is reduced and if |E(G)| ≥ 3, then δ(G) ≤ 3, and 2|V (G)| − |E(G)| ≥ 4.
(iv) If G is reduced and violates (iii), then G is either K1 or K2.
Assume H is a collapsible subgraph of G. It is easy to see that if a vertex y ∈ V (G − H) and |N(y) ∩ V (H)| ≥ 2, then the
subgraph induced by {y}∪V (H) is collapsible.We denote by ξ(G) the valuemin{d(x)+d(y) : xy ∈ E(G)} and call d(x)+d(y)
the edge degree-sum of xy.
Lemma 9. Let G be a graph on n vertices satisfying ξ(G) ≥ n− 1. Suppose G′ is the reduction of G. Then ξ(G′) ≥ |V (G′)| − 1.
Proof. Assume that u is a non-trivial vertex of G′, i.e. it is the contraction of a maximal collapsible connected subgraph H .
We call H the preimage of u and denote PM(u) = H . It is sufficient to consider the edges that are incident to u in G/PM(u)
and the others are clear. Assume that yu ∈ E(G/PM(u)). Then there is a vertex x ∈ V (PM(u)) such that xy ∈ E(G). Note that
the neighbors of x out of PM(u) are also neighbors of u in G′. Then by d(x)+ d(y) ≥ n− 1 we have
dG/PM(u)(u)+ dG/PM(u)(y) ≥ d(x)− (|PM(u)|)+ 1+ d(y)
≥ n− |PM(u)| + 1− 1
= |G/PM(u)| − 1. (4)
The assertion follows from inequality (4). 
Lemma 10. Let G be a graph on n vertices satisfying ξ(G) ≥ n− 1. Suppose G′ is of order t,G′ is the reduction of G and G ≠ G′.
Then G′ ∉ {K2,t−2, K ′2,t−3} for t ≥ 4.
Proof. We only give the proof for the case G ≠ K2,t−2 as the other case is similar. By way of contradiction assume K2,t−2
is the reduction of G. Let v1, . . . , vt−2 be the vertices of degree 2 and u, v be the vertices of degree t − 2 in G′. If vi is
non-trivial for some i, we let G∗ be the graph obtained by replacing vi by PM(vi) and replacing the edges uvi, vvi by edges
ux, vy, whenever x (y) in PM(vi) is adjacent to a vertex in PM(u) in G. Assume |V (G∗)| = n′. Note that if n′ ≥ t + 2, then
dG∗(v) + dG∗(vj) = t < n′ − 1 in G∗, a contradiction (by Lemma 9). Thus, every vertex of degree 2 is trivial. Similarly, u, v
are also trivial. We complete the proof. 
Similar to Lemmas 9 and 10, we also have:
Lemma 11. Let G be a graph on n vertices satisfying ξ(G) ≥ n− 2. Suppose G′ is the reduction of G. Then ξ(G′) ≥ |V (G′)| − 2.
Lemma 12. Let G be a graph on n vertices satisfying ξ(G) ≥ n − 2. Suppose G′ (of order t) is the reduction of G and G ≠ G′.
Then G′ ∉ {K2,t−2, K ′2,t−3} for t ≥ 5 if and only if G ∉ {G7,G′7}, where K ′2,t−3 defined as in Theorem 6. Moreover, if G ∈ {G7,G′7},
then t = 5 and G′ = K2,3.
Corollary 13. Let G be a graph on n vertices satisfying ξ(G) ≥ n − 1 − p(n). Suppose G′ of order t is the reduction of G and
G ≠ G′. Then G′ ∉ {K2,t−2, K ′2,t−3} for t ≥ 6.
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Lemma 14. Let G be a graph on n vertices satisfying ξ(G) ≥ n− 1− p(n). Suppose G′ is the reduction of G. Then G′ contains at
most one non-trivial vertex.
Proof. Let G be a graph on n vertices satisfying ξ(G) ≥ n− 1− p(n). Suppose G′ is the reduction of G and G ≠ G′. We shall
show that G′ contains at most one non-trivial vertex.
If there is a bridge e = xy in G′ such that both x and y are non-trivial, then e implies a bridge e′ = x′y′ ∈ E(G) of G. We
denote by G1,G2 the two components of G−{e′}. Since x, y are non-trivial, Gi contains an edge xiyi such that x′, y′ ∉ {xi, yi}.
It is easy to find a contradiction by computing the edge degree-sum of xiyi. So we assume G′ contains no such bridge from
now on. Thus n ≥ 7 if G′ contains at least two non-trivial vertices.
If G′ contains at least three non-trivial vertices u1, u2, u3, then there is an edge e = xy ∈ E(G) such that x ∈ V (PM(ui))
for some i ∈ {1, 2, 3} and y ∉ V (PM(u1) ∪ PM(u2) ∪ PM(u3)). Without loss of generality we may assume x ∈ V (PM(u3)).
Let ni = |PM(ui)| and s = |V (G − ∪PM(ui))|. Note that x, y have at most two neighbors in PM(u1) ∪ PM(u2) and x, y have
no common neighbor. We compute the edge degree-sum of e = xy : d(e) ≤ |V (G−∪PM(ui))−{y}|+ |V (PM(u3))−{x}|+
|NPM(u1)∪PM(u2)({x, y})| + |{x, y}| ≤ s− 1+ n3 − 1+ 2+ 2 = s+ n3 + 2 = n− n1 − n2 + 2 < n− 2, a contradiction. Thus,
G′ has at most two non-trivial vertices.
Assume G′ contains two non-trivial vertices u1, u2. If G′ contains a trivial edge xy (i.e. x, y are both trivial), it is easy to
find a contradiction by computing the edge degree-sum of xy. So G′ contains no trivial edge. Thus, each of the vertices in
V (G) − V (PM(u1) ∪ PM(u2)) has degree at most 2 and then the degree of vertex in N(V (G) − V (PM(u1) ∪ PM(u2))) is at
least n− 1− p(n)− 2 (in fact, n− 3 for n even and n− 4 for n odd).
Case 1. There is a vertex of degree 1 in G′.
If ui is a vertex of degree 1 in G′ for some i, (without loss of generality) say u1. Then there is a vertex of degree 2 in
V (G − PM(u1) ∪ PM(u2)), say x. Let y1 ∈ V (PM(u1)), y2 ∈ V (PM(u2)) be two vertices such that xy1, xy2 ∈ E(G). So
|PM(u1)| ≥ |NG(y1)∪{y1}−{x}| ≥ n−1−p(n)−d(x)−1 = n−4−p(n), |V (G−PM(u1)−{x})| ≥ |NG(y2)∪{y2}−{x}| ≥
n− 4− p(n), and then n ≥ |NG(y1) ∪ {y1}| + |NG(y2) ∪ {y2}| + |{x}| ≥ 2(n− 4)+ 1 for n even and n ≥ 2(n− 5)+ 1 for n
odd. That is, n ≤ 6 for n even and n ≤ 9 for n odd. Recall that n ≥ 7. Then n is odd and n ≤ 9. If n = 7, then PM(ui) = K3. It
is easy to find a contradiction by computing the edge degree-sum of an edge in PM(ui)which is not incident to x. Similarly,
if n = 9, it is easy to find a contradiction.
Assume that there is a trivial vertex x of degree 1 and assume xu1 ∈ E(G′) and xy ∈ E(G). Note that u2 is non-trivial. It
is easy to see that there is an edge x1u2 ∈ E(G′) such that x1 ∉ {u1, u2}, x1u1, x1u2 ∈ E(G′) and then there is a vertex y1
in PM(u2) such that x1y1 ∈ E(G). Since |PM(u1)| ≥ 3 and x1u1 ∈ E(G′), d(x1) + d(y1) ≤ n − 4 + 1 = n − 3 (note that
|(N(x1) ∪ N(y1)) ∩ (V (PM(u1)) ∪ {x})| ≤ 1 and x1, y1 have no common neighbor), a contradiction.
Case 2. Each trivial vertex of G′ has degree 2.
In this case, G′ = K2,t−2 for some t . A contradiction of this case follows from Lemma 12 since G7,G′7 contain exactly one
non-trivial vertex.
Therefore, the claim holds. 
Lemma 15 (Catlin [5]). The graphs K3,3 and K3,3 − e are collapsible, where K3,3 − e is the graph obtained by removing an edge
from K3,3.
Similar to Lemma 10, we have the following:
Lemma 16. Let G ∉ {G7,G′7} be a graph of n vertices and ξ(G) ≥ n − 1 − p(n). Suppose G′ is the reduction of G and G′ ≠ G.
Then G′ is K1,t−1 for some integer t.
Proof. Let u be the only non-trivial vertex of G′. It suffices to show that G′ contains no trivial edge. By way of contradiction
we assume that xy ∈ E(G′) is trivial and let xu ∈ E(G′).
If n is even, then ξ(G) ≥ n− 1 and thus |V (G′)| ≥ n− 1. It is impossible since |PM(u)| ≥ 3.
If n is odd, then ξ(G) ≥ n − 2 and thus |V (G′)| ≥ n − 2. Therefore, PM(u) = K3, d(x) + d(y) = n − 2 and
V (G − PM(u) − {x, y}) ∈ N({x, y}). Let S = V (G′ − {u, x, y}) = {y1, . . . , yn−5} and let NG′(y) = {y1, . . . , yk}. Note that
|V (G′)| = n− 2 and dG′(x)+ dG′(y) = n− 2. Then NG′(yi) = NG′(x)− {y} for i = 1, . . . , k (yyi, i = 1, . . . , k are all trivial).
So G′ = Kd(x),d(y). By Lemma 15, we have either d(x) ≤ 2 or d(y) ≤ 2. Note that G′ = K2,n−4, contradicts Lemma 12. This
implies that G′ = K1,t−1 for some t . We complete the proof. 
Lemma 17. Let G be a reduced graph on n ≥ 5 vertices satisfying ξ(G) ≥ n−1− p(n). Then G is in {C5, K1,n−1, K2,n−2, K ′2,n−3}.
Proof. Similarly, assume that G is reduced and |V (G)| ≥ 3. By Theorem 8, we have |E(G)| ≤ 2n − 4 and δ(G) ≤ 3. So we
may distinguish the following three cases for n even, or odd:
Case 1. n is even.
Note that p(n) = 0 and ξ(G) ≥ n− 1 in this case.
Subcase 1.1. δ(G) = 3.
Let d(u) = 3 and N(u) = {u1, u2, u3}. Since G contains no triangle, {u1, u2, u3} is independent. Note that n is even and
d(u) + d(ui) ≥ n − 1. Then, |E(G)| ≥ 3(n − 4) > 2n − 4 for n > 8. Therefore, n ≤ 8. If n = 6, then G = K3,3, but K3,3 is
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collapsible, a contradiction. Thus n = 8 and then 12 = 3(n− 4) ≤ |E(G)| ≤ 2n− 4 = 12. Thus d(ui) = 4. It is easy to see
that G is a bipartite graph and G contains a subgraph isomorphic to K3,3 − e, a contradiction.
Subcase 1.2. δ(G) = 2.
Similarly, let d(u) = 2 and N(u) = {u1, u2}. Note that d(ui) ≥ n − 3 and {u1, u2} is independent. If one of u1, u2 has
degree n−2, then G = K2,n−2. If not, d(u1) = d(u2) = n−3, it can be seen that G contains a subgraph isomorphic to K3,3− e
for n ≥ 6.
Subcase 1.3. δ(G) = 1.
Let S = {v1, v2, . . . , vs} ≠ ∅ be the set of vertices of degree 1.We first claim that the neighbor of the s vertices v1, . . . , vs
are the same since otherwise this implies |E(G)| > 2n − 4. Denote the common neighbor by u. If d(u) = n − 1, then G is
K1,n−1 since G contains no triangle. If not, there is a vertex w ∉ N(u), and let wv ∈ E(G) for some vertex v in N(u) − S.
Clearly, d(v) = 2. Since ξ(G) ≥ n− 1 and G contains no triangle, we have d(w) ≥ n− 3, that is, G = K ′2,n−3.
Case 2. n is odd.
Subcase 2.1. δ(G) = 3.
Assume that d(u) = 3 and N(u) = {u1, u2, u3}. Note that ξ(G) ≥ n − 2 and |E(G)| ≤ 2n − 4. On the one hand,
3(n − 5) ≤ |E(G)| ≤ 2n − 4 implies n ≤ 11; on the other hand 3n+12 ≤

x∈V (G) d(x)
2 = |E(G)| ≤ 2n − 4 implies n ≥ 9. If
n = 9, then 3n+12 = 2n − 4 = |E(G)| and then there is an edge having edge degree-sum 6 < n − 2, a contradiction. Thus,
n = 11. Note that 3n+12 = 17 ≤ |E(G)| ≤ 2n− 4 = 18. It is easy to see that there is an edge that has edge degree-sum 6, a
contradiction.
Subcase 2.2. δ(G) = 2.
Assume that d(u) = 2 and N(u) = {u1, u2}. Note that ξ(G) ≥ n− 2. Then d(ui) ≥ n− 4. A simple argument shows that
G ∈ {C5, K2,n−2}, or G contains K3,3 − e as a subgraph which implies a contradiction.
Subcase 2.3. δ(G) = 1.
Assume that d(u) = 1 andN(u1) = {u1}. If d(u1) = n−1, thenG = K1,n−1. A simple argument shows that if d(u1) = n−2,
then G = K ′2,n−3. 
Proof of Theorems 2 and 6. By Lemmas 12, 16 and 17, Theorem 6 holds. Note that G7,G′7, K
′
2,n−3 and C5 violate condition
(1). Then Theorem 6 implies Theorem 2. 
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